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In this work, we propose a 3D ensemble measure for center-vortex worldlines and chains
equipped with non-Abelian degrees of freedom. We derive an effective field description for
the center-element average where the vortices get represented by N flavors of effective Higgs
fields transforming in the fundamental representation. This field content is required to ac-
commodate fusion rules where N vortices can be created out of the vacuum. The inclusion
of the chain sector, formed by center-vortex worldlines attached to pointlike defects, leads
to a discrete set of Z(N) vacua. This type of SSB pattern supports the formation of a
stable domain wall between quarks, thus accommodating not only a linear potential but
also the Lu¨scher term. Moreover, after a detailed analysis of the associated field equations,
the asymptotic string tension turns out to scale with the quadratic Casimir of the antisym-
metric quark representation. These behaviors reproduce those derived from Monte Carlo
simulations in SU(N) 3D Yang-Mills theory, which lacked understanding in the framework
of confinement as due to percolating magnetic defects.
I. INTRODUCTION
The Wilson loop average in pure SU(N) Yang-Mills theory computed via Monte Carlo simu-
lations displays many important features. Among them, the confinement of fundamental quarks
at large distances is signaled by an area law [1]. At intermediate distances, within the confining
regime, the simulations show Casimir scaling [2]. That is, the ratios of the string tensions for
quarks in a group representation D and the fundamental is given by the ratio of the corresponding
quadratic Casimir operators, namely,
σD/σF = Tr
(
D(TA)D(TA)
)
/Tr
(
TATA
)
, (1)
where TA, A = 1, . . . , N
2 − 1, are N × N matrices that generate the su(N) Lie algebra. At
asymptotic distances, the tension only depends on the N−ality of the quark representation. This
property can be labeled by an integer k modulo N that dictates how the center of SU(N) is realized
D(ei2pi/NIN ) = e
i2pik/NID , (2)
where ID is the identity matrix in the D-dimensional representation D. In a 3D spacetime, the
asymptotic law
σD/σF = k(N − k)/(N − 1) (3)
is well-established numerically [3]. This behavior corresponds to an asymptotic Casimir law where
the quark representation D in Eq. (3) is replaced by the antisymmetric representation with the
same N−ality. For a given k, the latter gives the lowest quadratic Casimir operator. Understanding
the mechanism behind these nonperturbative results is a challenging problem.
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2A remarkably successful approach explored in the lattice is to look for relevant configurations in
the infrared. This led to the idea that center vortices and chains, where center-vortex lines change
the Lie algebra orientation at lower dimensional defects, are the dominant degrees of freedom
(d.o.f.) in this regime [4–16]. In particular, the N−ality properties of the asymptotic Wilson
loop are nicely captured by the center-vortex component [17–20]. Until now, a picture for Casimir
scaling was only given at intermediate distances [11], however these arguments depend on the finite
size of the center vortex defects, so they cannot be extended to the asymptotic region. In order to
incorporate this non-Abelian feature, it is natural to equip the ensemble with non-Abelian d.o.f.
Indeed, in the continuum, the presence of these degrees in Yang-Mills theories was brought up
in Ref. [21], noting that the definition of a path-integral measure that detects magnetic defects
contains, for every realization of their locations, a continuum of physically inequivalent sectors.
In that reference, a class of 4D Yang-Mills-Higgs effective models was also associated with a 4D
ensemble of percolating center-vortex worldsurfaces and monopole worldlines with non-Abelian
d.o.f. In that case, closed vortices were generated by a dual Yang-Mills term, while the monopoles,
carrying adjoint charges, were related to N2 − 1 flavors of adjoint Higgs fields. Later, this class of
models was shown to be capable of reproducing an asymptotic Casimir law [22].
In this work, we will follow a similar path in 3D. Initially, we shall propose an ensemble measure
where center-vortex worldlines equipped with non-Abelian d.o.f. can be attached to pointlike de-
fects (instantons). This will be an extension of the center vortex measure in Ref. [23] (see also Refs.
[24, 25]), where a 3D ensemble of Abelian loops was considered. In that case, in the percolating
phase, the effective theory is equivalent to an XY model with topological frustration, which implies
an area law for the center-element average. For the extended measure, we will derive an effective
field description where the vortices, carrying fundamental weights, get naturally represented by N
flavors of effective Higgs fields transforming in the fundamental representation. Up to this point,
in the center-vortex condensate, the vacuum manifold has an SU(N) degeneracy. However, the
instanton sector is manifested as an additional interaction, which replaces this continuum of pos-
sibilities by a discrete set of Z(N) vacua. This gives rise to the formation of a stable domain wall
whose border is given by the quark loop. Thus, besides a linear term, the potential will contain a
subleading Lu¨scher term originated, as usual, from the fluctuation of collective coordinates around
the saddle-point. Finally, after a detailed analysis of the associated field equations, we will show
that the string tension turns out to scale with the sought-after asymptotic Casimir law.
II. CENTER-VORTICES WITH NON-ABELIAN D.O.F.
In Ref. [17], an Abelian model to describe center vortices in (2+1)D was proposed. For this aim,
center-vortex operators Vˆ (x) were defined in SU(N) pure YM theory. In this case, the nontrivial
correlators are not only of the form
〈Ω|T{Vˆ †Vˆ }|Ω〉 , 〈Ω|T{Vˆ †Vˆ Vˆ †Vˆ }|Ω〉 , . . .
but also those involving N elementary operators of the same type,
〈Ω|T{Vˆ . . . Vˆ }|Ω〉 , 〈Ω|T{Vˆ † . . . Vˆ †}|Ω〉 .
This is due to the fact that N center-vortex operators have trivial total Z(N) charge, so they can
connect vacuum to vacuum amplitudes. Based on these physical inputs, the following effective
model was then introduced
L = ∂µV¯ ∂µV +m2 V¯ V + λ
2
(V¯ V )2 + ξ (V N + V¯ N ) , (4)
3which captures the above mentioned correlators. When a condensate is formed (m2 < 0), the Z(N)
symmetry is spontaneously broken, thus leading to classical topological solutions (one-dimensional
domain walls) on the physical R2-plane, with finite energy per unit length. As discussed in Ref.
[17], these line defects can end at a pair of heavy quark-antiquark probes. That is, a confining
string is formed in this phase.
In Ref. [24], the application of polymer techniques to vortex loops with stiffness 1/κ and tension
µ, coupled to an external vector field, made it possible to think of the end-to-end probability of a
vortex worldline as a solution to a diffusion equation in 3D. In this manner, the N = 2 model in
Eq. (4) was associated with the large distance effective description of an ensemble where vortex
pairs are created/annihilated via pointlike correlated defects. In Ref. [23], an ensemble measure
to compute center-element averages was clearly related with the first three U(1)-symmetric terms
in Eq. (4), with a covariant derivative in the place of ∂µ. This derivative depends on the external
field used to represent linking numbers between center vortices and the Wilson loop in the initial
ensemble. The U(1)-symmetric sector is dominated by Goldstone modes in a 3d XY model with
topological frustration. For large N , an analysis based on the associated critical properties led to
a squared sine (area) law. Here, the inclusion of N -line correlations is expected to reproduce the
complete model in Eq. (4); however, this cannot accommodate the asymptotic Casimir law either.
In order to describe this type of scaling, which involves a non-Abelian property, it is natural
to improve the ensemble with non-Abelian information. Indeed, as discussed in Ref. [26], the in-
equivalent sectors of magnetic defects in Yang-Mills theories are naturally labeled by these degrees.
Therefore, we shall initially consider the center-vortex loop ensemble of Ref. [23] embedded in a
non-Abelian setting. The Wilson Loop associated to a quark worldline C carrying an irreducible
D-dimensional representation D is given by
WC [Aµ] =
1
D
tr D
(
P
{
ei
∮
C dxµ Aµ(x)
})
. (5)
The contribution of an elementary center vortex configuration Aµ = β ·T ∂µχ, whose field strength
is localized on a loop l, is the center element
WC [Aµ] =
(
ei 2pi β·we
)L(C,l)
=
(
ei2pik/N
)L(C,l)
, β = 2Nw , (6)
where L(C, l) is the linking number between C and l. The tuple β is a (magnetic) weight of the
defining representation, corresponding to unit-flux vortices (there are N possibilities βi = 2Nwi),
and χ is a multivalued angle that changes by 2pi when we go around l. These weights can be
ordered as ω1 > ω2 > ... > ωN . They satisfy
ωq · ωp = Nδqp − 1
2N2
. (7)
In addition, we is an electric weight of the quark representation D.
1 This contribution can be
rewritten in the form
WC [Aµ] = Wl[bCµ] =
1
N
trP
(
ei
∮
l dxµ b
C
µ(x)
)
, Aµ = β · T ∂µχ , (8)
where bCµ(x) ≡ 2piβe · T sµ, βe = 2Nwe, and sµ is concentrated on a surface S(C) whose border is C
sµ =
1
2
∫
S(C)
dσ1dσ2 µνρ
∂xν
∂σ1
∂xρ
∂σ2
δ(x¯(σ1, σ2)− x) . (9)
1 For a general representation, a weight λ is an (N − 1)-tuple formed by the eigenvalues λ|q of simultaneous eigen-
vectors of the Cartan generators D(Tq), that is, D(Tq)|λ〉 = λ|q|λ〉, q = 1, . . . , N−1. We also defined β ·T = β|qTq.
4In this respect, note that the circulation of sµ along l gives the intersection number between l and
S(C), ∮
l
dxµsµ = I(S(C), l) , (10)
which coincides with the linking number L(C, l).
The contribution to the Wilson Loop originated from n center vortices is the product of the
corresponding center elements. Then, including the property of stiffness, observed in the lattice
[27–29], as well as tension µ, the ensemble average becomes Zloops[b
C
µ], where
Zloops[bµ] =
∞∑
n=0
1
n!
n∏
k=1
∫ ∞
0
dLk
Lk
∫
dvk
∫
[dx(k)]Lkvk,vk e
− ∫ Lk0 dsk [ 12κ u˙(k)µ u˙(k)µ +µ]Wlk [bµ] . (11)
is the ensemble partition function in the presence of a general external source bµ ∈ su(N). For
each closed worldline x(k)(s), u
(k)
µ is its tangent vector
uµ(s) =
dxµ
ds
∈ S2 , u˙µ(s) = duµ
ds
. (12)
The loops start and end at some point xk ∈ R3 where the tangent is uk ∈ S2. [dx]Lv,v path-
integrates over loops with length L starting and ending at v, v = (x, u). This partition function
may be rewritten as
Zloops[bµ] = e
∫∞
0
dL
L
∫
dv trQ(v,v,L) , (13)
Q(x, u, x0, u0, L) =
∫
[dx(s)]Lv,v0 e
− ∫ L0 ds [ 12κ u˙µu˙µ+µ] Γγ [bµ] , (14)
Γγ [bµ] = P
{
ei
∫
γ dxµ bµ(x)
}
. (15)
We can use the methods of Refs. [25, 30] to obtain the non-Abelian difusion equation(
∂L − κ
2
Lˆ2u + µ+ uµ(∂µ − ibµ)
)
Q(x, u, x0, u0, L) = 0 , (16)
to be solved with the initial condition Q(x, u, x0, u0, 0) = δ
(3)(x− x0)δ(2)(u− u0)IN . In the small
stiffness limit (large κ), the solution can be approximated by
Q(x, u, x0, u0, L) ≈ 〈x|e−LO|x0〉 , O = − 1
3κ
(∂µ − ibµ)2 + µIN , (17)
thus leading to
Zloops[bµ] ≈ e−Tr lnO = (det O)−1 =
∫
[dφ] e−
∫
d3xφ†Oφ , (18)
where φ is a complex field in the fundamental representation.
A. N-worldline matching rules
The ensemble above can be further improved by including matching rules where N elementary
center vortices carrying different weights βi,
∑N
i βi = 0, can be created at a point out of the
vacuum, then propagated along the lines γ1, . . . , γN , and finally annihilated. Since the weights
5Figure 1: An N center-vortex creation-annihilation process can be thought of as N − 1 correlated
loops. The loop li is formed by joining γi with −γN .
sum to zero, we can think of this configuration as N − 1 correlated loops li = γi − γN with a
common line −γN (see Fig. 1), carrying magnetic weights βi, i = 1, . . . , N − 1, respectively. For
this configuration, the gauge field can be written as Aµ =
∑N−1
i=1 βi · T ∂µχi, where χi changes by
2pi when we go around li. The corresponding contribution to the Wilson Loop is
WC [Aµ] =
(
ei 2pi β1·we
)L(S(C),l1) . . . (ei 2pi βN−1·we)L(S(C),l(N−1)) . (19)
This is a product of center elements that can be rewritten as
WC [Aµ] =
1
N !
i1...iN i′1...i′NΓγ1 [b
C
µ]|i1i′1 . . .ΓγN [bCµ]|iN i′N , Aµ =
N−1∑
i=1
βi · T ∂µχi . (20)
In this regard, since 〈wi|βe.T |wj〉 = we · βi δij , we have e2pii
∫
γ dxµwe·T sµ |ij = e2pii
∫
γ dxµwe·βi sµδij , so
that the right-hand side in Eq. (20) becomes,
1
N !
i1...iN i′1...i′N e
2pii
∫
γ1
dxµwe·βi1 sµδi1i′1 . . . e
2pii
∫
γN
dxµwe·βiN sµδiN i′N
= e
2pii
∫
γ1
dxµwe·β1 sµ . . . e2pii
∫
γN
dxµwe·βN sµ
= e
2pii
∮
l1
dxµwe·β1 sµ . . . e
2pii
∮
lN−1 dxµwe·βN−1 sµ , (21)
which coincides with the right-hand side in Eq. (19). Including the phenomenological properties
of center vortices, the N -line configuration gives a contribution:
CN ∝
∫
d4x d4x0
N∏
j=1
∫
dLjdu
jduj0
∫
[Dx(j)]
Lj
vj0 v
j
e
− ∫ Lj0 dsj [ 12κ u˙(j)µ u˙(j)µ +µ]DN , (22)
DN = i1...iN j1...jNΓγ1 [bµ]i1j1 . . .ΓγN [bµ]iN jN . (23)
To proceed, using Eqs. (14) and (17), for every line we can use∫
dLdu du0
∫
[Dx]Lv0 v e
− ∫ L0 ds [ 12κ u˙µu˙µ+µ ] Γ[bµ] =
∫ ∞
0
dLdu du0Q(x, u, x0, u0, L) ∼ G(x, x0) ,
(24)
6where OG(x, x0) = δ(x− x0) IN. In other words,
CN ∝
∫
d4x d4x0 i1...iN j1...jNG(x, x0)i1j1 . . . G(x, x0)iN jN . (25)
The field representation (18) and the discussion above clearly suggest the consideration of N
flavors of fundamental fields, one for each fundamental weight, and an appropriate interaction to
accomodate the possible N -line matchings by means of the generated Feynman diagrams in an
effective field theory. Indeed, all possibilities for this type of corelation can be generated from the
following field partition function∫
[DΦ†][DΦ] e−
∫
d3x ( 13κTr((DµΦ)
†DµΦ)+µTr(Φ†Φ)−ξ0(det Φ+det Φ†)) , (26)
where DµΦ ≡ (∂µ − ibµ)Φ and we defined a matrix with components Φ ji = φj |i, where φj , j =
1, . . . , N are complex fields in the fundamental representation. A perturbative expansion reads∫
[DΦ†][DΦ]
(
1 + ξ20
∫
d3x
∫
d3x0
i1...iN i′1...i′N φ
i′1 |i1 . . . φi
′
N |iN j1...jN j′1...j′N φ¯j
′
1 |j1 . . . φ¯j
′
N |jN + . . .
)
e−
∫
d3x φ¯j |iOjj
′
ii′ φ
j′ |i′ . (27)
Clearly, the first term is ZNloops, the contribution to the ensemble of the uncorrelated N copies of
loop types. In addition, multiplying and dividing the ξ20-term by
(detO)−N =
∫
[DΦ†][DΦ] e−
∫
d3x φ¯j |iOjj
′
ii′ φ
j′ |i′ , Ojj
′
ii′ ≡ δjj
′
Oi′i ,
and using Wick’s theorem, we get
ξ20
(N !)2
∫
[DΦ†][DΦ]
∫
d3x
∫
d3x0 i1...iN i′1...i′Nφ
i′1 |i1(x) . . . φi
′
N |iN (x)
× j1...jN j′1...j′N φ¯j
′
1 |j1(x0) . . . φ¯j
′
N |jN (x0)e−
∫
d3x φ¯j |iOjj
′
ii′ φ
j′ |i′
= ZNloopsξ
2
0
∫
d3x
∫
d3x0 i1...iN j1...jNGi1j1(x, x0) . . . GiN jN (x, x0) . (28)
Therefore, due to Eqs. (18) and (24), we can write this partial contribution as
ξ20
N∏
j=1
∫
d4x d4x0 i1...iN k1...kN
∫
dLjdu
jduj0
∫
[Dx(j)]
Lj
vj0 v
j
e
− ∫ Lj0 dsj [ 12κ u˙(j)µ u˙(j)µ +µ]Γ(j)ijkj [bµ](∑
n
1
n!
n∏
k=1
∫ ∞
0
dLk
Lk
∫
dvk
∫
[dx(k)]Lkvk,vk e
− ∫ Lk0 dsk [ 12κ u˙(k)µ u˙(k)µ +µ]Wlk [bµ]
)N
. (29)
This represents the mixing of the uncorrelated loop configurations and a single correlated two-point
component (cf. Fig. 1). Proceeding similarly with the other terms, the perturbative series can
be identified with all possible configurations with N -line correlations. At this point, the effective
model in Eq. (26) is invariant under (magnetic) local color and global flavor transformations
Φ→ Sc(x)Φ , bµ → ScbµS−1c + iSc∂µS−1c , Φ→ ΦSf . (30)
Other possible correlations among center vortices, with the same symmetry, can be introduced by
means of new terms in the exponent of Eq. (26). For example we may consider the center-element
average generated by Zv[b
C
µ] where
Zv[bµ] =
∫
[DΦ†][DΦ] e−
∫
d3xLv , (31)
Lv = 1
3κ
Tr((DµΦ)
†DµΦ) + µTr(Φ†Φ) + λ0Tr(Φ†Φ)2 − ξ0(det Φ + det Φ†) , (32)
also contains quartic correlations whose importance is weighted by λ (> 0).
7III. CENTER VORTICES WITH ATTACHED INSTANTONS
The non-Abelian model in Eq. (32) has some points of contact with the Abelian one in Eq.
(4). In particular, the interaction terms coincide for Abelian-like field configurations of the form
Φ ≈ V IN . Indeed, the det Φ and V N terms have a similar physical origin. However, some remarks
are in order: i) the continuum symmetries of Lv would imply a spontaneous symmetry breaking
(SSB) phase with a continuum of vacua, rather than the discrete set in Eq. (4) required to support
stable domain walls between quarks (confining strings), ii) the path-integral calculation would
involve large fluctuations associated with Goldstone modes, iii) the source bCµ, which is along the
Cartan sector, prefers field configurations Φ with a phase along this sector too. In what follows,
the situation stated in the first two points will be modified after introducing the possibility of
correlated instantons on top of center vortices. In section IV, this procedure, implemented in a
non-Abelian setting, will also accommodate the third point in a natural way.
In the lattice, most center vortices contain defects, thus forming chains or nonoriented cen-
ter vortices [7]. It is therefore reasonable to expect that they might play an important role for
describing all the properties of confinement in a satisfactory way. Similarly to the center-vortex
configuration Aµ in Eq. (8) (resp. (20)), which can be written locally (but not globally) as a
pure gauge using the singular phase S = eiχ β·T (resp. ei
∑N−1
i=1 χi βi·T ), a chain can also be locally
introduced as a transformation with phase
S = eiχ β·T W (x) . (33)
Because of the multivalued phase, the Cartan factor creates a thin center vortex, while W (x) creates
lower dimensional defects (see for example [7, 31–33]). In 3D, these are pointlike (instanton) defects
on the center-vortex worldlines, where the Lie algebra orientation changes. These orientations
can be associated with two different fundamental weights w, w′, while W (x) is a different Weyl
transformation on each side of the instanton, at the center-vortex branches.
The properties of each type of defect are reflected in the gauge-invariant dual field strength
fµ(A) = µνρS
−1Fνρ(A)S. Considering a more general case where the mappings S are multiplied
on the right by a regular map, S → SU˜−1(x), the field strengths for a thin center-vortex loop and
N matched center-vortex lines in Fig. 1 are respectively given by
fµ(A) = fµ(l, g(s), β) , fµ(A) =
N∑
i=1
fµ(γi, gi(si), βi) . (34)
where
fµ(γ, g(s), β) =
∫
γ
ds
dxµ
ds
δ(x− x(s)) g(s)β · Tg(s)−1 , g(s) ≡ U˜(x(s)) , (35)
In addition, for a chain with a pair of instantons, fµ(A) is given by
fµ(A) = fµ(γ, g(s), β) + fµ(γ
′, g′(s′), β′) , (36)
and, for N ≥ 3, the three instanton contribution can be written as
fµ(A) = fµ(γ, g(s), β) + fµ(γ
′, g′(s′), β′) + fµ(γ′′, g′′(s′′), β′′) . (37)
A. Introducing correlated pointlike defects
Now, we would like to incorporate in the ensemble the possibility of chains. In section II, to
derive the effective model, we used as starting point that the center elements WC [Aµ], obtained for
8a thin center-vortex loop and N matched center-vortex lines, can be respectively cast in the form
(cf. Eqs. (8) and (20))
Wl[b
C
µ] and
1
N !
i1...iN i′1...i′NΓγ1 [b
C
µ]|i1i′1 . . .ΓγN [bCµ]|iN i′N . (38)
In order to identify correlators analogous to those in Eq. (38), while keeping in the ensemble the
information about the attached instantons, we shall initially consider Gilmore-Perelemov group
coherent states |g, w〉 = g|w〉 (see Refs. [34–36]), and the completeness relation to write
Wl[bµ] =
∫
dµ(g) 〈g, w|Γl[bµ]|g, w〉 . (39)
In addition, the identity [37]∫
dµ(g) gi1j1 . . . giN jN =
1
N !
i1...iN j1...jN (40)
leads to∫
dµ(g) |g, w1〉|i1 . . . |g, wN 〉|iN =
∫
dµ(g) gi1j1 . . . giN jN |w1〉|j1 . . . |wN 〉|jN =
1
N !
i1...iN . (41)
That is, for every N -line factor appearing in the ensemble, like the one in Eq. (23), we can use the
representation
DN [bµ] = (N !)
2
∫
dµ(g)dµ(g0)〈g, w1|Γγ1 [bµ]|g0, w1〉 . . . 〈g, wN |ΓγN [bµ]|g0, wN 〉 . (42)
The Eqs. (39) and (42) can be interpreted as associating each loop with a weight and each matched
line as corresponding to a different weight.
Then, given that the center-vortex weight changes at the instantons, to include the effect of
chains with n pointlike defects into the ensemble, we may propose the contribution
〈g1, w′|Γγn [bµ]|gn, w〉 . . . 〈g3, w′|Γγ2 [bµ]|g2, w〉〈g2, w′|Γγ1 [bµ]|g1, w〉
= Tr
(|Γγn [bµ]|gn, w〉〈gn, w′| . . . |Γγ2 [bµ]|g2, w〉〈g2, w′|Γγ1 [bµ]|g1, w〉〈g1, w′| (43)
to be integrated over the group elements. However, the integrals of gi|w〉〈w′|g†i vanish. This follows
from the formula ∫
dµ(g) D(i)(g)|ab D(j)(g−1)|βα = δijδaαδbβ , (44)
where D(i) and D(j) are unitary irreps [38], applied to the adjoint and trivial irreps. Furthermore,
chains also contribute to the Wilson loop WC [Aµ] with a center element [7, 8, 31–33]. This comes
about as the W (x)-factor in Eq. (33) is single-valued when we go around the chain, so that the
Wilson loop is only affected by the first factor, which gives the center element in Eq. (6). On the
other hand, replacing bµ → bCµ in Eq. (43), we get a center element times additional overlaps which
contain a nontrivial phase. To make sure that the only phases are associated with center elements,
we shall include appropriate overlaps, defining the chain variable (see Fig. 2)∫
dµ(g1) . . . dµ(gn) 〈g1, w|g2, w′〉〈g2, w|g3, w′〉 . . . 〈gn, w|g1, w′〉
×〈g1, w′|Γγn [bµ]|gn, w〉 . . . 〈g3, w′|Γγ2 [bµ]|g2, w〉〈g2, w′|Γγ1 [bµ]|g1, w〉 (45)
=
∫
dµ(g1) . . . dµ(gn) Tr
(|gn, w′〉〈gn, w| . . . |g2, w′〉〈g2, w| |g1, w′〉〈g1, w|)
×Tr (|Γγn [bµ]|gn, w〉〈gn, w′| . . . |Γγ2 [bµ]|g2, w〉〈g2, w′|Γγ1 [bµ]|g1, w〉〈g1, w′| . (46)
9Figure 2: A chain configuration, with n correlated instantons, linking a Wilson Loop C.
In this manner, for bµ → bCµ, when the chain links C, one of the center-vortex lines will intersect
the surface S(C) giving a nontrivial contribution. The final result coincides with the Wilson loop
computed for the chain configuration Aµ, times a real and positive weight factor:(
ei2pik/N
)L(C,l) ∫
dµ(g1) . . . dµ(gn)
∣∣Tr(|gn, w′〉〈gn, w| . . . |g2, w′〉〈g2, w| |g1, w′〉〈g1, w|)∣∣2 . (47)
To obtain an alternative interpretation of the chain and the other defects, we initially note that
for, say, the n = 2 case, we may change g2 → g2W , where W is an odd Weyl reflection that takes
w into w′ and w′ and w, to get the variable∫
dµ(g1)dµ(g2) 〈g1, w|g2, w〉〈g2, w′|g1, w′〉 × 〈g1, w′|Γγ2 [bµ]|g2, w′〉〈g2, w|Γγ1 [bµ]|g1, w〉 . (48)
Similarly, for n = 3, N > 2 we can make an even Weyl transformation that changes g2 → g2PA,
where PA permutes w, w
′, w′′ to w′′, w, w′, and then g3 → g3PB, where PB permutes w, w′, w′′ to
w′, w′′, w, thus obtaining the variable∫
dµ(g1)dµ(g2)dµ(g3) 〈g1, w|g2, w〉〈g2, w′′|g3, w′′〉〈g3, w′|g1, w′〉
×〈g1, w′|Γγ3 [bµ]|g3, w′〉〈g3, w′′|Γγ2 [bµ]|g2, w′′〉〈g2, w|Γγ1 [bµ]|g1, w〉 . (49)
Next, we can use the Gilmore-Perelemov representation,
〈g, w|Γγ [bµ]|g0, w〉 =
∫
[dg(s)] ei
∫
dsTr((g(s)†b(s)g(s)+ig†(s)g˙(s))w·T) , b(s) = bµ(x(s))
dxµ
ds
, (50)
where the paths g(s) : [0, L] → SU(N) satisfy the boundary conditions g(0) = g0, g(L) = g. In
principle, this applies when the reference state |w〉 is a highest weight vector. However, the center-
vortex holonomy is in the fundamental representation, so the associated weights can be connected
by Weyl transformations. Thus, this formula holds for any weight vector |wi〉, i = 1, . . . , N , which
has components |wi〉|j = δij . As usual (see Refs. [39–42]), the trace in the exponent of Eq. (50)
can be rewritten in terms of non-Abelian d.o.f. |z(s)〉 = |g(s), w〉,
Tr (. . . ) = bAµ (x(s))TA|ij zj z¯i
dxµ
ds
+
i
2
(z¯iz˙i − ˙¯zizi) , (51)
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where the last term can be interpreted as a kinetic term for these degrees. Moreover, using Eq.
(50) for each line defect, the bµ-coupling in the variables containing a loop, N matched center
vortex lines, and chains with two or three instantons (cf. Eqs. (39), (42), (48), and (49)), becomes
ei
∫
d3x 1
2N
Tr
(
bµfµ(A)
)
, (52)
where fµ(A) is the gauge-invariant field strength for the corresponding Aµ-configurations equipped
with non-Abelian d.o.f. (see Eqs. (34)-(37)), as described in Ref. [21] when dealing with nonori-
ented center vortices in (3+1)d. That is, the various dual variables, which are designed to reproduce
W [Aµ], precisely couple the corresponding fields fµ(A) to bµ(x).
As already discussed, when immersed into the ensemble, the path-integral of the holonomies
over paths with tension and stiffness will give rise to a Green’s function (cf. Eq. (24)). In this
manner, the chain contributions in Eq. (45) become generated by the new vertex
Vinst ∝
∫
dµ(g)〈g, w′|Φ†|g, w′〉〈g, w|Φ|g, w〉, (53)
or, equivalently,
Vinst ∝
∫
dµ(g)Tr
(
|g, w〉〈g, w′|Φ†|g, w′〉〈g, w|Φ
)
=
∫
dµ(g)Tr
(
g|w〉〈w′|g†Φ†g|w′〉〈w|g†Φ
)
. (54)
Notice that |w′〉〈w| = Eα is a root vector characterized by the root α = w′ − w. We may write it
in terms of the hermitian generators Tα, Tα¯, defined by
Eα =
Tα + iTα¯√
2
, (55)
and use that gTAg
† is just the adjoint action of g on TA, gTAg† = RAB(g)TB. Then,
Vinst ∝ 1
2
∫
dµ(g) Tr
(
(RαB(g) + iRα¯B(g))TBΓγ [bµ](RαC(g)− iRα¯C(g))TCΓγ′ [bµ]
)
. (56)
To perform the integrals, we can use Eq. (44) for the case where i and j stand for the adjoint
representation, ∫
dµ(g)RAB(g)RA′B′(g) = δAA′δBB′ . (57)
The result is that the instanton-vertex turns out to be
Vinst ∝ Tr(Φ†TAΦTA) . (58)
Summarizing, after the discussions in Sec. II and III, we have shown that the center element
average in the proposed 3D ensemble, which involves the linking-numbers between the Wilson
loop and the mixture of center-vortex loops, correlated N -line center vortices and chains, can be
effectively represented as
〈W (C)〉 = Z[b
C
µ]
Z[0]
, Z[bµ] ≡
∫
[DΦ] e−Seff(Φ,bµ) , (59)
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where the partition function is governed by the large-distance effective action
Seff(Φ, bµ) =
∫
d3x
(
Tr (DµΦ)
†DµΦ + V (Φ,Φ†)
)
, Dµ = ∂µ − ibµ ,
V (Φ,Φ†) =
λ
2
Tr (Φ†Φ− a2IN )2 − ξ
(
det Φ + det Φ†
)− ϑTr (Φ†TAΦTA) + c . (60)
Here, we considered a negative tension µ in Eq. (32), which represents a phase where center
vortices proliferate. This, together with a positive stiffness 1/κ, implies a2 > 0. This precisely
corresponds to a center-vortex condensate. At this point, we notice that the initial color and flavour
symmetries of the pure vortex model (c.f. Eq. (30)) are broken by the instanton term. However, a
global color-flavor symmetry (Sc = S
†
f ) is preserved, as well as a (local) discrete Z(N) symmetry
Φ → eiθV (x)β·TΦ, where θV (x) is a Heaviside function, which is equal to 2pi (resp. 0) inside (resp.
outside) a volume V . The latter can be used to change the surface S(C) when computing center-
element averages. The constant c is chosen such that the action at the vacua is zero. In addition,
for later convenience, we shall consider a region in parameter space given by positive ξ and ϑ.
IV. DOMAIN WALLS WITH ASYMPTOTIC CASIMIR SCALING
In this section, we shall explore the physical consequences of the effective representation for the
ensemble of magnetic defects (cf. Eqs. (59) and (60)). For this aim, we shall initially analyze the
properties of the spontaneous symmetry breaking phase that the system undergoes. If N > 4, the
potential does not have a lower bound and terms of order higher than N should be included to
stabilize it. When seeking a global minimum, we suppose these terms are present, although we do
not include them explicitly. We shall consider a region in parameter space so that the potential
is dominated by the λ and ξ-terms. The polar decomposition Φ = PU , where P is a positive
semidefinite hermitian matrix and U ∈ U(N), can be used to write the potential as
V (P,U) =
λ
2
Tr
(
(P 2 − a2IN )2
)− ξ detP (detU + detU †)− ϑTr (PTAPUTAU †) . (61)
If the only terms were those associated with center-vortex correlations, namely the λ and ξ-terms,
then the global minima would certainly be achieved at P proportional to the identity IN . Due
to the minus sign, the determinant term also forces detU = 1, so that U ∈ SU(N). Then, up to
this point, the possible vacua would form a (continuum) connected manifold, thus precluding the
formation of a stable domain wall sitting on the Wilson loop. In this case, the calculation of the
partition function would involve large quantum fluctuations associated with the various Goldstone
field modes. This type of problem was analyzed in an Abelian context in Ref. [23]. On the other
hand, when the scenario above is corrected by the inclusion of pointlike defects on center vortices,
which is represented by the ϑ-term, the set of possible vacua becomes discrete. Indeed, because of
our choice of sign for ϑ, the minimum values of the potential require a maximum overlap between
the basis TA and the rotated basis nA = UTAU
−1, which is attained when U is in the center Z(N)
of SU(N). More precisely, the global minima turn out to be
P = vIN , U ∈ ZN =
{
ei
2pin
N IN
∣∣∣n = 0, 1, 2, ..., N − 1} , (62a)
2λN(v2 − a2)− 2ξNvN−2 − ϑ (N2 − 1) = 0 . (62b)
Then, it is the presence of correlated instantons that grants the formation of stable domain walls.
In a 3D spacetime, a disconnected set of vacua (with nontrivial homotopy group Π0) enables a
field configuration with different vacua on both sides of a surface, with a transition that necessarily
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Figure 3: A ring R winding around the Wilson loop and passing through the origin. The surface
where sµ is concentrated is depicted in red.
implies an action cost localized on the surface. As we will see, in the presence of a Wilson loop, the
surface will sit on the loop. Moreover, as the vacua are discrete, there are no Goldstone field modes,
and the partition function will be evaluated by means of a saddle point corrected by low-action
fluctuations around this point. The former will give rise to a confining area law, while the latter
will correct the associated linear potential with the well-known universal Lu¨scher term. A similar
situation was recently obtained in Ref. [21], when describing a mixed ensemble of center vortices
and chains in 4D spacetime. In that reference, the inclusion of correlated monopole worldlines
on center-vortex worldsurfaces led to a manifold of vacua with nontrivial first homotopy group
Π1 = Z(N). This led to the formation of a confining center string between a quark-antiquark pair,
which spans a surface whose border is the Wilson loop.
Our main objective is to determine the scaling law obeyed by the asymptotic string tension.
The saddle-point Φ for the partition function Z[bCµ] in Eq. (59) satisfies
D2Φ = λΦ(Φ†Φ− a2)− ξ C[Φ∗]− ϑTAΦTA , Dµ = ∂µ − ibCµ . (63)
In this respect, we recall that for small variations of the determinant, we have
det(Φ + δΦ) ≈ det Φ + Tr (C[ΦT ]δΦ) (64)
where C[ ] stands for the cofactor matrix. Let us analyze how the field Φ must behave along an
arbitrary circle R that links the loop C. Take for example the loop shown in Fig. 3. From Q to
P, points immediately below and above the intersection between R and the surface where sµ is
concentrated, the field Φ must ’jump’ by a phase factor ei2piβe·T in order to cancel (the regularized
form of) bCµ in the covariant derivative, and yield a finite action. This factor is an element of Z(N)
and, consequently, the action will be minimized if Φ is at a vacuum value at Q, say vIN , and
continuously changes to the vacuum vei2piβe·T at P, as one goes around R. With a discrete set of
vacua, this is only possible if Φ leaves the vacuum somewhere. In general, the transition will be
localized around the minimal surface (the disk D) whose border is C. A finite action also requires
that above and below the x1 = 0 plane, and far from the Wilson loop C, the field Φ must tend to
two different vacua, given by the values at P and Q, respectively. In particular, if we follow the
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x1-axis, or any other parallel line that intersects the disk D at coordinates (0, x2, x3), the external
source leaves a trace of its existence only in the boundary condition
lim
x1→−∞
Φ(x1, x2, x3) = vIN , lim
x1→+∞
Φ(x1, x2, x3) = v e
i2piβe·T , (0, x2, x3) ∈ D . (65)
For an asymptotic Wilson loop, which is much larger than the localization scales in the effective
model, the solution will be almost independent of (x2, x3), as long as they remain away from C. In
other words, the saddle-point action can be approximated by
Seff ≈ εA , (66)
where A is the area of the disk (plus a border effect that scales as the perimeter), and the string
tension is then obtained from the soliton solution Φ(x), (x1 ≡ x) that minimizes
ε =
∫
dx
(
Tr (∂xΦ)
†∂xΦ + V (Φ,Φ†)
)
, (67)
with Φ(−∞) = vIN , Φ(+∞) = v ei2piβe·T . This solution satisfies Eq. (63) with the replacement
D2Φ→ ∂2xΦ. To close this equation with a simple ansatz, we need to discuss some properties of the
weights of su(N). For each N−ality k, we shall consider two types of irreps., called k−Symmetric
and k−Antisymmetric. Their highest weights are ωSk = kω1 and ωAk = ω1+ω2+...+ωk, respectively.
Note that, being the sum of k weights of the defining representation, they yield the correct center
element in Eq. (6).
In the asymptotic regime, gluon screening is expected to take place, bringing down the string
tension of any irreducible representation to that of the lowest-dimensional one with the same
N−ality k. The latter corresponds to the k−Antisymmetric irrep., βe = 2NωAk , which we shall
focus in what follows. In this case, a simple ansatz is motivated by the block-diagonal structure
of βe · T . If we define P1 = Diag(1, 1, ..., 0, 0, ....0) with the first k entries being nonzero and
P2 = IN − P1, we can use Eq. (7) to write
βe · T = Diag(βe · ω1, ..., βe · ωN ) =
(
N−k
N Ik 0
0 − kN IN−k
)
=
N − k
N
P1 − k
N
P2 . (68)
Because the product between any number of P1 and P2 is either P1, P2 or 0, an ansatz built upon
P1 and P2 will close the equations of motion. Thus, we propose
Φ = (h1P1 + h2P2)S , S = e
iθ1
N−k
N
P1−iθ2 kN P2 . (69)
The phase can be factored in U(1) and SU(N) sectors
S = eiαeiθβ·T , θ =
N − k
N
θ1 +
k
N
θ2 , α =
k(N − k)(θ1 − θ2)
N2
. (70)
In principle, as ei2piβe·T = e−i
2kpi
N , there are two ways to impose the boundary conditions (65):
one where α (resp. θ) undergoes a nontrivial transition and leaves the possibility of θ (resp. α)
to remain constant. The first possibility gives rise to a model closely related with the ‘t Hooft’s
model [17], for which a Casimir law is not observed, while the second,
h1(−∞) = h2(−∞) = h0 , h1(∞) = h2(∞) = h0 , (71a)
θ1(−∞) = θ2(−∞) = 0 , θ1(∞) = θ2(∞) = 2pi , (71b)
θ(−∞) = 0 , θ(∞) = 2pi , α(−∞) = 0 , α(∞) = 0 , (71c)
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which is consistent with our choice of external source bCµ, is the option we shall further explore.
Moreover, we shall assume ξvN−2 >> ϑ, thus disfavoring α to leave its constant value α = 0.
Plugging the ansatz in eq. (63) and equating to zero the coefficients of P1S, P2S iP1S and iP2S,
we obtain
∂2x h1 =
(
N − k
N
)2
(∂xθ1)
2h1 + λh1(h
2
1 − a2)− ξhk−11 hN−k2 cos
(
k(N − k)(θ1 − θ2)
N
)
− ϑNk − 1
2N2
h1 − ϑN − k
2N
h2 cos
(
k
N
θ2 +
N − k
N
θ1
)
, (72a)
∂2x h2 =
(
k
N
)2
(∂xθ2)
2h2 + λh2(h
2
2 − a2)− ξhk1hN−k−12 cos
(
k(N − k)(θ1 − θ2)
N
)
− ϑN(N − k)− 1
2N2
h2 − ϑ k
2N
h1 cos
(
k
N
θ2 +
N − k
N
θ1
)
, (72b)
∂2x θ1 =− 2∂x lnh1 ∂xθ1 + ξ
N
N − kh
k−2
1 h
N−k
2 sin
(
k(N − k)(θ1 − θ2)
N
)
+
ϑ
2
h2
h1
sin
(
k
N
θ2 +
N − k
N
θ1
)
, (72c)
∂2x θ2 =− 2∂x lnh2 ∂xθ2 − ξ
N
k
hk1h
N−k−2
2 sin
(
k(N − k)(θ1 − θ2)
N
)
+
ϑ
2
h1
h2
sin
(
k
N
θ2 +
N − k
N
θ1
)
. (72d)
The ansatz in Eq. (69) can be rewritten as
Φ = (ηIN + η0β · T ) eiθβ·T eiα , η = k
N
h1 +
N − k
N
h2 , η0 = h1 − h2 . (73)
The equations for these profiles are a little bit more intricate to write down, but they are more
meaningful. In particular, if we look at small perturbations around their vacuum value and keep
up to linear terms, we get
∂2x δη = M
2
η δη , M
2
η = λ(3v
2 − a2)− ξ(N − 1)vN−2 − ϑN
2 − 1
2N2
, (74a)
∂2x δη0 = M
2
η0 δη0 , M
2
η0 = λ(3v
2 − a2) + ξvN−2 + ϑ
2N2
, (74b)
∂2x δα = M
2
α δα , M
2
α = Nξv
N−2 , (74c)
∂2x δθ = M
2
θ δθ , M
2
θ =
ϑ
2
. (74d)
These squared masses are non negative (cf. Eq. (62b)), with Mη, Mη0 and Mα larger than Mθ due
to our previous requirements λa2, ξvN−2 >> ϑ. In this region of parameter space, the functions η,
η0 and α are practically constant and θ is the only one that varies appreciably as it is compelled
by the boundary conditions. If the instantons were absent (ϑ = 0), the field θ would be a massless
mode associated with the residual SU(N) symmetry of the vacuum. On the other hand, their
presence on top of center vortices to form nonoriented center vortices makes the profile θ to be
governed by the Sine-Gordon equation
∂2x θ =
ϑ
2
sin θ . (75)
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For the soliton solution, we can use Derrick’s theorem in Eq. (67) to equate its kinetic and potential
contribution so that the string tension in the k-Antisymmetric representation is
εk = 2
∫
dx
((
N − k
N
)2
h21(∂xθ1)
2 TrP1 + (∂xh1)
2 TrP1 +
(
k
N
)2
h22(∂xθ2)
2 TrP2 + (∂xh2)
2 TrP2
)
,
(76)
which can be approximated by
εk =
k(N − k)
N − 1
(
2v2
N − 1
N
∫
(∂xθ)
2dx
)
=
k(N − k)
N − 1 ε1 . (77)
where ε1 is proportional to the Sine-Gordon parameter ϑ. Therefore, the string tension follows a
Casimir law. This result can be understood if one considers that, for α, η and η0 frozen at their
vacuum value, the only relevant mode is θ with Φ = veiθβe·T . Consequently, since the total energy
is twice the kinetic energy, we get2
εk = 2v
2
∫
Tr
(
∂xS
†∂xS
)
dx = v2
βe · βe
N
∫
(∂xθ)
2dx , (78)
which, for the k−Antisymmetric representation, is proportional to the quadratic Casimir operator:
βe · βe = 2k(N − k). For an arbitrary irrep., besides the mode along βe · T , additional soft modes
in the Cartan sector are needed to close the equations of motion. In this case, a similar procedure
can be followed, although it is difficult to analytically obtain the scaling. However, for the k-
Symmetric representation, it is easy to see that the same ansatz works, and that the energy can
be approximated by Eq. (78) with βe · βe = 2k2(N − 1). This is greater than 2k(N − k), the value
obtained for the k−Antisymmetric case. Therefore, for a given N -ality k, it becomes clear that
the latter possibility will be preferred, together with its ensuing Casimir law.
V. CONCLUSIONS
Ensembles of percolating center-vortex worldlines and worldsurfaces have been detected in
Monte Carlo simulations of SU(N) Yang-Mills theory in 3D and 4D Euclidean spacetime, re-
spectively. They are relevant degrees that at asymptotic distances provide a Wilson loop area
law with N -ality. A complete picture must also relate this law to the formation of a confining
flux tube between a quark and antiquark. Such an object, as well as the effect of its transverse
quantum fluctuations, have also been observed. This calls for a field model that supports stable
smooth topological objects, with the fields localized around a string in real space. Indeed, relying
on different field contents and SSB patterns, many models have been explored in the literature.
However, this was mainly done independently of the possible underlying ensembles detected in
the simulations. In (3 + 1)D, due to Derrick’s theorem, besides a vacua manifold for scalars (M)
with nontrivial first homotopy group, a gauge field is required to stabilize an infinite3 stringlike
soliton in R3-real space. In this regard, in a recent work [21], it was satisfying to see that a 4D
ensemble of percolating center-vortex worldsurfaces with a sector of correlated monopole world-
lines can be generated by a dual gauge field with frustration, and a set of adjoint Higgs fields with
Π1(M) = Z(N).
In the present work, we analyzed a similar picture in (2 + 1)D. In 3D spacetime, center vortices
generate worldlines, so they became described by (fundamental) scalars with frustration, rather
2 Here, we use the normalization Tr (TqTp) =
δqp
2N
, which is consistent with Eq. (7).
3 This can also be extended to a finite object in the presence of appropriate external quark-antiquark sources.
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than by a dual gauge field. In addition, a sector of correlated pointlike defects (instantons) led to
a discrete set of vacua (Π0(M) = Z(N)). Accordingly, in (2 + 1)D, an infinite (or finite) stringlike
soliton in R2-real space does not require a dynamical gauge field to be stabilized, while the vacua
for the scalars must be disconnected.
Initially, we defined a 3D measure to compute averages of center elements that depend on
the linking number between a Wilson loop and center-vortex worldlines. Modeling these defects
with tension and stiffness, we were able to show that, at large distances, center-vortex loops are
effectively described by fundamental Higgs fields. On the one hand, this is related to the fact that
elementary center vortices carry fundamental weights, on the other, this type of field is originated
when taking into account non-Abelian d.o.f. propagated on the worldlines. The possibility of N -
line center-vortex matching is natural, as the different weights of the fundamental representation
add up to zero. This was included by means of N flavors, which can be arranged as an N × N
complex matrix Φ. All possible combinations of loops and correlated lines were generated by an
effective theory with (local) SU(N) magnetic color and (global) SU(N) flavor symmetry. The N -
line matching is responsible for breaking the local U(N) = U(1)×SU(N) symmetry, that would be
present for loops, to SU(N). If this model were restricted to Abelian-like configurations Φ = V IN ,
V ∈ C, we would make contact with the ‘t Hooft model, where a U(1) symmetry is spontaneously
broken to Z(N), due to presence of a term V N + V¯ N . However, there is no dynamical basis for
such a restriction, and at this point our effective description possesses large quantum fluctuations.
Next, we incorporated the effect of chains formed by different center-vortex lines interpolated by
pointlike defects. For this aim, the variables used to represent chains were carefully written in
terms of dual holonomies, in analogy with the ones describing loops and N matched lines. The
immersion of all chain combinations into the ensemble led to an additional effective vertex. In a
percolating phase, where large center vortices are favored, a discrete set of vacua was then obtained
Φ = vei
2pin
N IN , n = 1, 2, ..., N , dynamically reducing the SU(N) magnetic color symmetry to the
required discrete Z(N). This led to the formation of a stable domain wall sitting on the Wilson
loop. Therefore, the center-element average not only displays an asymptotic area law with N -ality
but it is due to a localized field configuration, which constitutes the interquark confining string.
The potential also contains a subleading universal Lu¨scher term associated with the first corrections
to the saddle point: the transverse string fluctuations. The asymptotic string tension for a general
antisymmetric representation of SU(N) was then derived by computing the domain wall for a
large Wilson loop. The solution is given by a kink that interpolates a pair of different vacua.
Furthermore, there is a region in parameter space where the wall is governed by the Cartan sector.
In this region, we approximately closed an ansatz to solve the equations of motion and showed that
the string tension satisfies the asymptotic Casimir law observed in Monte Carlo simulations of 3D
SU(N) Yang-Mills theory.
Finally, we recall that the 4D YM string transverse field distribution via Monte Carlo [43], which
is given by a Nielsen-Olesen profile, can be accommodated in the effective description of center-
vortex worldsurfaces and correlated monopole worldlines [22]. It would also be quite interesting
to compare the 3D YM simulation with the distribution obtained in this work, for center-vortex
worldlines and correlated instantons, which is close to a Sine-Gordon profile.
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